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Abstrac t This is due mostly to the fact that ~ts tin~e vary-
ing covaria nce r~atr~ x m ust be caiculared before

~~~~~ A tech: lquc~ f s de~ e)oped whereby one can svn— the estinator goins can be c~~ ç~~ted. In an
thesize a causal , linear t~ : e— I r. ar lart e st ii itur to m~ike the csrioator less c~ c~~lex . c~~st oes~~~: etS

~~~~~ that is optima! for re stric ted types of nr’nsta :ion— use the steady State gain values ot schedule ~~ts

ary p:oces:ea. The t~ ch:~iqu e is licoh! e to of gwin values that ar~ to be used at c:ff.~r ent

~~~~~ lir,ear . time—invaria nt svs r~ (driven by nor,s~ a— points It the p rocess~.np al gorithrn . ThIs results

~ionary state noise) for which scalar observatinr .s In a simplet estimntor that p forr’ su~ o~ tin .ally
are ma de in the presence of e.dditlve nonst ation~ x y  duri ng p e r l c ’J s  when the p r oc- s s being observed is

noise. Two—dimensional Fourier trar crr~ are used noastatlonary. The e~ tirator will be optimal when

to obtain an expression for the estimator ’s mean the process becomes s:at~ or.ary ~rov:ded the Stc~ dy

square error. It iS nssut~ed that it is desirable state value of the es:ftat~ c~ error covari ance Is

~~~~~ to mir.inize the t irs e inte3sol of this expression, used In the gain co~~ utatiofl.
The calculation of this integral results In an
expression which car, be ai~.i r-ized by selecting an Use of the station~ rv ga in values co~ stir utes

estimator der~ending in a prescribed way on the selection of the wiener esti’~.,tcr as a s~~ cIal
two-dioension~ 1 Fourier tr s:orr’s of the state and case of the Kalr~un estinator . I: is this proce—
observatior, r.olse. The resu~.:In~ estImator ±s dure fos selecrir ~ a s t ~~~al br t~~ &t
causal . lir,ear, and tl se inuaciant . It is similar pra:.?ta C~~ C t O  ask If t~ era m:~ ht oe a causa ,
in some respects to the ~ ierie r filter that can be ~~r.e3r, t lne-invarfen? — I ~~~~c’r that Is ~pt~~~~l
derIved under the asswrpticr .s of sr~~tIonary state in Same restr Icted ser.se dot some class of non—
and observar~ nr. —~ciaa r~rco~~~~~s. T~~ 

,,~ eIr~ater e St ’ O’ a ty  p~~~~~ I~ O.
usefulness i s ]  ~~~e 4 

~~ 
the rm;ui,r~ oen: ti~~t the

observations be scalar . and the ronsrationery pro— To arrive at such an estImator , it See r ’ rca—
cesses have Fourier transformable autocorrelation sor.able to consider the case :ieosc likely to yi e ld
func tions. 1 such a result. Nar ely , the sys tem or state sodel

should be linear and t ine ir .variant. It ~ho~ id be

- 
driven by zero mean r.ortstationary noise o~ d
observed In the presence of additive nonscatiorary

t. Introduction noise. Optinality, for the sake of obtaining
‘resul ts cotiparabla to W~~ ner a nd Ka la~an , sho uld be

The determInation of optImal linear time defired In the sense that the meam-sçuare e~ ti:a—
invarian t estirators that can be used to process rico errot or so’te fur cti on of it is :.Jr~ m ::ed.
the output of a linear tine Ir:’.ariant system driven If cne returns to frecuency domain co~ie1u er atiOns ,
by stationary noise and cbcs’r;ed in the presence of it ri ght be p’ ssible tc ri~ e at sri estlr atur ~ia
addi tive stationary nOIse , was the subject of techolcues p ara llel n2 those of ncr, provided

~‘iener ’s work [i]. This early work was followed by Fourier tra-rsforma of the noise proc ases c~ n be
ka lman ’s [ 2 ]  term ination of a nethod for finding defined. Pole leads to the else of two—d~ :s~~S’0nai 

-

optthal estlmstes given certa In types of nootta— Fo~:Ier r i r~ s to chtain the average C r .  ergy
tionary dIstur~,un ces and corroptions . A major dis— spectral densit ies of the stare and r CrvOt~ on
tinction between these two r~ su1:s yes the o~~:h ods noise pro~ e!Ses. An t X P O ~~ S 5 i O f l  is aeri’~ad at Icr
by which they wets cbtalned. Wiener ’s oe th .~ was the oe —scusre estIm ation error and ft is s~ su -,,-d
frequency domain based , wh ile tnls ~an ’s aprroach that thc c .ptimsl estloate should mi’, imize the
relied on tire s domain technlçues. A survey ref per— doubly 1sf iri :e t~ ac snregral of t h s  error. The
tinent literatu re Indicates chat until ~alman ’s expression that tesul t~ from doi ng this is ~~~~ to
results were reibli shed , the major •~ork on nonsta— dcter~~1n~ rh structure of the optimal esri ,ator .
ticenary processes was confined to looking at slig ht The resultant estImat or is simIlar In sor e
sendifications of the seOticoary problem . 2 When respects to tIe W 1e-~ sr estft.atcr. The e srfrrt or ’e
Xalroan’s resul ts were anncunced , there was a salden usefel~ ess Is l~~~~~~d by the reau 1r.~~ceec th~ t the
transir~ on frc m froqi en cy d am In r rhud~ arid little
a tt.srior . ha~ h ser, paid to f :e’~;urcy darair . techni— 11h!s r ese~~reh was supNrtcd in p-art under

c - qucs in esti mation since that r the .  AJOER grant r;’~—: ° s3 . S’Jp?or t w~~ also provId ed
by }hg h-..s A1rc ~ a~~t C o p uny .

in many appl Ications , the Kalc’.en qstIni~tor
results in rxhor birant carsp -ata tiuna l requiresents. ~~ee rete,~ence 12.

Paper , Decision and Control Conference, Clearwater Beach, Florida, 1976.
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obaerva tton~ be scalar and the noise procesres It is desired to dcterm ine , for every t , an
have E our1~ r translorerable atitocorr elat ion fur.c- estimate ~ (t ), for t . i( t )  which mir.Imlzes

l ions that can successfully undergo spectral fac—
torisation. E[w(t) — ~(t)]

2 
( 3 . 3 )

II. System Assumptions and Outline of Approach or some function of this expression by process ing

- only the “prcse .nt and past” values of th e observed

The sol ution of the problem posed in the data:
introduction is developed in four steps. These -
aTe t y(i) — a(t) + nCr) — ~ T C C

1. Consider a linear , t ime—invariant system
it is further required that

driven by nonstationary noise and observed in
the presence of additive nonstationary noise.
Assune the observations are scalar. ~(t) 

— 
J

h(’r)y(t—~r) d ;  h(r) - O.t e O  (3.~~)

2. Formulate art expression for the mean square
estimation error of a linear time-Invariant
est~ matc ’r with Impulse response h(r), that 

In preparation for arriving at an expression
fo; the estlz.ator ’s na-an scuare estimation errormi ght be used- to obtain an estimate of the
let us Introduce the two—d irersional Fouciar

noise—free observation.
transfor .

3. The expression for the mean scuaro estimation
error obtained in step 2 will in general be Definition : The two—dimensional Fourier transform
time dependent due to the noise being nonsta— of a function f(t1.t2

) is given by:2

tionary. Provided that one is willing to

- accept a filter that minimizes this expression —3(w1
t
1~~

u2t2
)

in an average sense , i.e., over a doubly F(jet~ ,jw
2
) f J  f( t1,t2)e dt

1 
dt

2
infinite tIme interval , one can a r r ive at a -~~ —~~
simpler expression for the integral of the -

mean square error that does not depend on its inverse is defined by
- tine.

4 (ti~~t 1 
+ ~2

t
2)4. Finally, If one ~cstrIcrs the type of noncta—

tionary noise processes sufficIently, the 
. 2 J f 1 2

expression obtained in step 3 can be minimited
by a properly designed causal , linear , time—
InvarIant estimator Cla t minimizes the inre— di~ dw

2gral of the .mean sqeea e ‘stimStiOO error.

The following sections will expand and elabo— As in the case of one—dimensional transforms ,
rate on the four steps. A final section will dis— these two expressions constitute a Fourier trans—
cuss the implications of the final result. form pair that we will represent symbolically as

III. System and Noise Models
f(t1,t2) ~~ F(jw 1,jw2

) -

Proceeding with the problem solution , consider
the error propagation. The system belnC considered
is linear and time Invariant. As such , it is It should be noted that if f(t1,t2) is such
described by the following linear , time—invariant that
vector matrix differential equations:

j(t) — Ax(t) + E~~(t) (3.1) J ’f f(t1,t~) J dt
1
dt
2 

< -

— -e
y(t) — Cx(t) + Dv(t ) — s(t) + n(t)

where then F(jw1,ju 2) exists for every w1,ea
2 

an d I t is
x(t): is a vector representing the state of hounded .

- the system -

y(t): is a vector representing an observation
of the state of  the system (scalar)

are random processes

The problem Is to estimate any time—invariant (but
a

not necessarily causal) linear functional v(t) of 
________________p _______________________

the signal s(t) defIned by tbc following infinite 2For a descrip tion of two -dimensional Fourier
convolution intebral:

transforms and their application to nonstacionary
‘ procetses , refer tc Pa~,ouliS , A., Peoh ehility,,,

~ :
‘ i~i(t) — J 1(A) aCt — A) dA (3.2) Randcm vartah]es , ~nd St ’ch:,sttc Prore’ces .

McGraw—H ill , 1955 , Chapter 12.
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IV. The Mean Si~uare l~~or Lxpressic’n with

We can compute an ei :pr i t . S iOn for  e ( r)  — t u ( t )  
- 

C 
~~~~~~ t

— ~(e). To do this recognize that: W(tu
1
) 
~ J V(t

1
)e . 

1
d t

1 
— W(jw

1
)

~i(t) — f  y(t—r ) h(r) ,J t - (4.1) .j~ t 
(4.7)

W(w
2) ~ J W(t2)e 

2 2dt
2 

— W ( 3 w
2
)

and for the present let ‘

being the standard one—dimensional Fourier trans—

r forms of W(t ) and W(t. ) r e spec t ive ly .
w(e)  — J s ( t — r )  i(-t) dr  (4.2) 1 2

— Taking the two-dimensional Fourier transform
- of R (t ,t ) we have:

then by subtraction •t 1 2 
-

act )  — w( t)  — ~(t) r
ee

(wi, u2) — r
55
(~1,~2)

and the autocorrelatjon of e(t) Is

R
~~

(t i, t2) E(e(t
1

)e ( t
2
) )  ~ ([~~(t 1)~~~( t 1)] 

{1 iw2
_H iu2)] ~~~~ 1.w2

)

[w(t2)—~ (t2)]} 
(4,3) 

- [H( iw1)] [H(itc 2 )J (4.8)

Substitution , expansion , and the Interchange of If we moe’ take the inverse transform of

expectation and integration yields: we have an expression for the aurocorrelation of
the est imation e r r o r :

R (t 1,t2) — R ( t i , t
2
)*i(L

1
)*i(t

2
)

I r r (
— R~~5

(t i, t 2
) * i( t

i
) *h ( t

2
) 

- 
R
~~
(t i,ti

) — 
(~~.) 2 ~ i

— R
55

(t 1, t
2

) *h ( t
1
)*i ( :

2
) {I(Jw1

)_R~Jr.~1)] [I(iL2
)—ii (~w2)]

- + R
,5(t1, t2)*h(~.1)*h(L2) j(cu

1
t
1
4u
2
t
2
)

a

+ R ( t1, t2) *h( t
1
)*h(t

2
) (4,4)

r .
~ 

j ( w
1
t
1
4i.

1
t
2
)~

Where we have assumed terms in R ( t~~,c2) and ‘ 1M(i~ 2 )Je g dt~ 1
d~~, ( 4 . 9 )

R q ( t  ,t2) arc zero and ‘ ““  deno~~ s donvolu tion in 
—

t~è time domain.
3 Assume each of the above corre-

la t ion functions has a two—dimensional transform getahl that we seek an exp r es sion fo r the mean
defined as follows: square es t imat ion  error  for  each po in t in t ime .

Clearly, if t 1 — t2 
— t in the previous expression

we have:

R
5
(t1,t2) ~~ 

r ( ~,1,~ 2 )
2 R5~(L ,t) — E{e (t )e ( t ) )

(4.5) C C

- 

R ( t 1, t 2 ) 
~~ 

P ( ~ 1,~ 2) — 2 J I ~ s s l 2 [ l 1] -

Next we make use of a property from f3) page 442. r ~~l(Ja 2
)_}1(Jw2)je

I

~ ro~ ,w )W(w )W(tu ) -

-
~~~~ 

1 2 1 2
2 

~~~~~~~~~ [
1t(iw1)]{H(iv2)]e 

d&u1dw2
(4.10)

t . 5 The cross t e r m s  r an be c a r r i e d  t h r o u g h the
dev eic i ?me nt  but they pru~ ide no adJitIor.al prob—

- leçs snd therefore have l een d e l e~~ed.

-~~ - —--~ - - — -~~
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Note that this expre ’~ sion far the r~ - -a square i’: 1— From (5.~) we Inmed~ste)y recognIze ~ (f
(t .t)

mation errot is cu m p l et el y general except for the £~ L(e~-(t )I and 1’(p) a~ a ~
uuricr ttan~~1 -~~m paf:.

r e s t r i c t  lou that i1 ,~ l -~~~ - .~i ~d sien,,l ~nd noise 
We denote t h i s  by:

two— diitenslonei l tr.in~.forms e>i ~~~.
’ . 2E(e2(L)) ~ E (p)

If we ponder  t h i s  e x pr e s ’ i o r  f o r  a moment , we
see than to select an eetie .ator }l(ju) tha t wj u l d  U sing  t h i s  no ta t ion . , we a lso t ec a l l
m i n i s i z e  i t  f o r  each v a l u e  of t , is not a simple
task . In f a c t , it is not obv iou s  tha t  such- an 2 

‘ 
2 —j ~e s t im a t o r  even e x i st a .  £ (p) — J E {e ( L ) ) e  ~ de (5.3)

It is interesting to mote  that the  sssunpt ion
of s t a t i o n a r y  d i s t u r b an c e s  g:ves r i s e  to ti.’o— dlsen— In p ar t . c ul a r , for  p — 0 we have t h e  s imp le
sional si gnal  and noise t r a n s f or m s  :ha t  cause m e  result:
mean square  er ro r  e x pr .~ssion to  becoca~ Independen t
of t ime . As shown in [3] , t h e  ts.~~-dimens iona l  2 2
t r a n s f o r m s  of s t a t i o n a r y  p r o c e s s es  do not  exist J ’ Etc  ( t ) }d t  — E (p)  (5 .4)
unless  impu l ses  a re  i n clu d e d  In the t r a n s f o r m s .
When such  t r a n s f o r m s  are s u b s ti t u t e d  in ( 4 . 1 0 ) ,  t h e  

-

r i g h t  hand side of this expression yields an inte— Note that (5.4) ImplIes the doubly infInite time

gral  t h a t  is i n dep e n d e n t  of t ime . ‘ihis i n t eg ra l  is i n te gr a l  of the m~ an s qu a r e  e s t i m a t i o n  e r r o r  Is
m i n i m i z e d  by the  causa l , l i n e a r , t i m e — i n v a r i a n t  f i n i t e  p rov ided  E (p )  is finit e -. From ( 5 . 1)
filter arrived at by N.  Vien cr .  The si gnal  and I p~ O
noise t er m s  in t h i s  I n t e g ra l  wi l l  be r epn e sented  by 2 1 r 2
the or d i n a r y  power s pe c t r a l  d e n ni r i e s  i ns t ead  of E (p) I —o F J~~r 5(1.ii. Wj)LII(~

W 1)_H(in.Jj)l
the a v e r a g e  ene rgy  spectral densitIes which wil l  be .~~ t
d e f i n e d  in Sect ion V. ‘1

4r (wl, _.
~j)IIH(jwl)j

2
J da (5.5)

V. C o n s i d e r a t i o n  of the I n t eg r a l  of the 1 -

Mean S q u a r e  Es t ima t ion  E r r o r
The te rm s r 55 (w 1. —~1) and r ,n (~ i , —w i ) are cal led

Consider  equa t ion  (4 . 10 ) .  We are concerned the average energy sr e n r r a i  d e n s i t i e s  of the
wi th  s e l ec t i ng  an estimator H ( i w )  t h a t  will  c~ini— signal and noise processes. The right—hand side
mize th i s  express ion  or some f u n c t i o n  of i t .  of (5 .5)  bears  a striking resemblance to the mean
Suppose we address  th i s  p r o b l e m  d i r e c t ly  by trYing square error expression of a W i e n e r  f i l t e r .  This
to mi n imi z e  ( 4 . 1 0 )  for each value of t. If we s imila ; i:y  iranediately suggests t h a t  one may be
make the Chdu~ e 0! v a r i a b l e  able te se lec t  a ceosal , i ir .ear , t~~nc - ir .van i~~nt

e s t im a t o r  H ( j u ) ,  t h a t  will m i n im ize (5 .5 )  ar.d
+ — p the reby  the  i n t e g r a l  of t he  mean square  e s t i m a t i o n

er ror .  The resulting estimator may be different
and hold con s tan t  while i n t eg r a t i n g  w i t h  respect from the Wiener e s t i m a t o r  since the position of
to p, equat ion (4.10) becomes - the power s p e c t r a l  d e n s i t y  has been assumed by the

- . energy spect ra l  dens i ty .

— 

~~~ 
f  {.

~ 
f r ( ~1,p — ~1) ,VI. The Opt imal  Linear  T ime—Invar i an t  Es t ima to r

__ for a Res t r ic ted  Class of N o n st a t i o na ry
r .1 Processes

— ~I(i w1
)_ R (J w 1)j I ( j  (p—eu 1) ) — H ( j  (p— eu 1) )1

L J From the previoil s section we note tha t  equa-
tion (5.4)  and (5.5) y i e l d :

‘
~~

‘nn~~~l ~~~~~~~~~ {H~ J 
~~~~~~~~~~ C C

t 
f E{e2 ( t ) ) d t  ~ f 1~55~—~ 

- 

- 

-

dw~ e~~’ dp (5.1)
2~l

- - 11 i ~~~~~i’~~1 J+ r ( e u .—eu)
We must  now f ind  H (j eu )  such that this expression

value 
of R~~~(r , t)  is minimized  for  each 

~IH( ,~~~2]t dw (6.1)

Note t h a t  the b r a c k e t e d  express ion  is an in tegral
a w i th  sesgect  to and i t  wil l  resu l t  in a f u n c t i o n

p only.  If we deno te  th i s  function of p by
£ (p) , then (5.1) becomes:

C

‘ R. ‘t t ’ — ~~ ~ E2
’ ~ JPt dcc ‘ 2i~ J .P~~ P 

~In addition , if we assume that the estimate
1~ 

- is unbiased , then we can use the ttrr~s bean square —
• error and error variance intsrcha:geably . 

~~~~~~~~~~~~~~~~~~~~~~~~~~~ -~~~-- -~~~~~~ -~~~~~~ —~~~~~~



Assumin g this iat ,~ :r~~l exists , t h e  firr.t question — ‘

one a s v a  is ~ t , e t h e r  or not t P . e r ’  is an II(ju) f o r  J J IR (t 1.t 2
)!d t

1
dt

2 
< — ( 7 . )

whIch (6.1) is n-inisise- d. Ibis question Is —~
anawe!ed for a t e s t r i c t e d  c la ss  of . processes U the 

d
following th eorem , whioli applies to the titterin g
case (1(jeu) • 1). e —

- I L  ~i~00
(t 1.t2)Id

t
1
dt

2 
C C  (7.2)

Suppose that: may not be all that large , but it is quite possi-
ble t h a t  some of t h e  processes  e n c o u n t e re d  in

a. The a v e ra g e  ene rgy  spec t r a l  d e n s i t i e s practical situations may be approx imated b> such
F (u,—eu) and r (eu,—o ) are ra tional functionsno processes.

b. The functions rnn (eu._eu) have no repeated poles If one considers the nature of those pro—
in the u—plane. cesses that arise from random iaiti ~ l conditions

appli ed to linear dvz -~ .1cal systems for instan c e .
Then the choice of H(jeu) which is lInear , causal one finds autororrelati on functfcn ~. of the form
(all p01cc it ,  t he  ~eft~ half s—p lane) and minir~ ze~ that satIsfy (7.1) and (7.2). The following ex..n—
the expansion on the li ft side of (6.1) for pie demonstrates the application of the ~. ic-~ re:. to
l(jeu) 1 (the filtering case) Is gIven by:. a three—dimensional system with scalar observa-

tions and w h i t e  n o n st a t i on a r y  d~ cru’han ces .

- ~ 
T
1
(s) 1

H(jw) — H (s)J — I — ÷1a.j i i r  (s)] I
L ~

‘
~
‘ J s.j sl In this example , it is assumed that the system

— is descr ibed by a v e r m o r  matrIx differential crua—
where t ion. The cbscrvatlon is a scaler valued funct~~~ri

— — + 
- — — — of the system ’s states with additive wh1t~ nor.s:a—

— rr ,~~~) (r~~(s)1 f (s)+F (s) tior.ary noise.

r (a) — r (s ,—eu) Ass~~ ptions :
as as

~~~~~~~ Sy s tem

r0~(~) — r
~0 (L .~a ) !  i-~ 

2 ciI~ei1 r 0i

F (a) X2 I ° —l ‘ Jx 2 j + 0 u

— — F (a) + F (—s) x 
[ 
0 0 _2J 

N J ~
“

(5)
- Scaler Observation

F 1(s) denotes the factored portion that is
analytic in the right one—half s—plane 

~ ~ + ~
denotes the factored portion that is 

zanalytic in the left one—half s-plane 3 -

denotes that portion of [ ) having Noise Processes
poles and zeroes in the left one—half
s—plane only Eru(t)J — Etv (t)1 — 0

~ J~ denotes that portion of having 
~ i.’’ 1+1~poles and zeroes in the right one—half I 2 z i

- s—plane only. £1u(t
1
)u(t

2
,j — e

- 

4 Proof - —O .S(lt 1I4lt 2~)- e  tIv(t1)v(t2)1 
— e 6(t1—t 2)The proof of this theorem is given in

reference [4] as theorem 2. For this syste m t1e transfer function is just

VII. Appl ication of the P.esult 2 
______

- p~ The result given by the theorem indicates that 
C(jw) — 

(J~~+~~~~(~~~+3) jet + 1)

for nonstationary processes with two—dimensional Th. twc’-c!I’senrlccr..qI transf orm of the signal
~ouricr transform s it ! —  poss ib le  to a r r i v e  at an
H(jeu) for which the Integral of the mean square •ut0CO1.e~~~t1un is

estImation error is min imized . Clearly, the class
of -stonstationary processes for which:

- ‘
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‘ • 0. A S S T R * C T  (Cont f ,m e on r~~r,~~~e ~!d. If ne • ,,-~ ~,d  i d e n r ; f r  by W o r k  nu~nbrr)

A techn ique is developed whereb y one c~~n syn the s i ze  a casual linear time—invariant
est-inator that is optimal for restricted types of nonstationary processes. The
techni que is applicable to linear , time—invariant systems (driven by nonstation—
ary state noises) for which scalar observations are n—ide ~ n the presence of add—

:~~~ 
i tive  non s t at i onary  noise .  Two—dimensional  Fourier trans~,orTns are used to obtain
an - . c rr ’~:sion for t1~e estimator ’s mean square error. It is assumed that it is

~~~~i r -~~ie  to n-~n~ n-i ze the time integral of this .-~D r ’~s~on. i~~e calculation
of ‘‘~~s ~~gral roI,jlts in an expression which cr~n ‘~e t r i n i ~~~ : - d  ‘t’y ‘~eiecting ~# 1
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This paper has discussed a technique whereby
- - one can synthesize a causal , l i nea r , rime—invarian t

estimator that is optimal for restricted types of
n on st a t io n a r y  processes . The r e su l t s  are applica-
ble to linear , tIme—invariant systems (driven by -
nonstationary state noise) for which scalar  obser-
vations are made in the presence  of a d d it i v e  non—
stationary noise. The resu l t ing estimator is
similar in some respects to the Wiener filter that
can be de r ive d under the assu.’sptions of stationary
sta te and observation noise processes. This simi-
larity is reflected in the fapt that the power
spect ra  of the s t a t i o n a r y  processes  are rep laced  by
the average e n e r g y  s p e c t r a  of the n o n s t a ti o n a r y
processes. The e s t I m a t o r ’s u s e f u l n e s s  is l i m i t e d

• by the r e q u i r e m e n t  t h a t  the  ob ssrvat lo r .s he scala r ,
and the nonstationary processes have Fourier crans— -

formable autocorrelation functions.
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